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Abstract. Let C and T> be two corings over a ring A and C — ► T> be a morphism of corings. 
We investigate the situation when the associated induced ("corestriction of scalars") functor 
is a Frobenius functor, and call these morphisms Frobenius extensions of corings. 
The characterization theorem generalizes notions such as Frobenius corings and is applied to 
several situations; in particular, provided some (general enough) flatness conditions hold, the 
notion proves to be dual to that of Frobenius extensions of rings (algebras) . Several finiteness 
theorems are given for each case we consider; these theorems extend existing results from 
Frobenius extensions of rings or from Frobenius corings, showing that a certain finiteness 
property almost always occur for many instances of Frobenius functors. 



Introduction 

Let A be an algebra over a field K. A is called Frobenius if the right regular j4-module A is 
isomorphic to the fT-dual of A, A* . More generally, if <p : A — ► B is a morphism of rings, then 
this is called a Frobenius extension if B is finitely generated projective as left A-module and 
B ~ Hom^-B, A). Equivalent characterizations of this concept have lead to the introduction 
of the concept of Frobenius functor: a functor F : C — > T> between two categories C and 
T> is called Frobenius if and only if it has both left and right adjoints and its left adjoint 
is naturally isomorphic to its right adjoint. This concept was first introduced by Morita in 
|Moj . and is inspired by an equivalent characterization of Frobenius extensions of rings: an 
extension A — — > B is Frobenius if and only if the associated forgetful functor from Mb to Ma 
is Frobenius in the above specified sense. It turns out that this concept is left right symmetric. 
Further notions have been introduced and studied in connection to the notion of Frobenius 
functor. 

If C is a coring over a ring A, with counit Ec ■ C — ► A, then there is an associated induced 
(forgetful) functor U going from the category M c of right comodules over C to Ma associating 
to each comodule M the underlying A-module M. C is called a Frobenius coring provided that 
U is a Frobenius functor. Given an extension of rings <p : A — ► B, a certain S-coring structure 
can be introduced on B <S>a B called canonical Sweedler coring structure which connects the 
notion of Frobenius extension of rings to that of Frobenius corings, i.e. given certain flatness 
conditions hold, A — > B is a Frobenius extension if and only if the 5-coring B ®a B is 
Frobenius. 

In this paper we aim to introduce and study the concept of Frobenius extensions of Corings, 
a notion which generalizes all these notions and also recovers some other known instances of 
Frobenius functors, as for example, the finite coproduct functor for a category of modules (or 
more generally, of comodules over a coring). Given two A-corings C and T> and a morphism of 
corings A : C — ► T>, we can associate a "forgetful functor" (called corestriction functor) U from 
M c to M v , which associates to each C-comodule (M, pm) the P-comodule (M, (M<8> A) op M ) : 
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where the identity 1m of a module M will be often denoted simply by M. The extension 

C — T> will be called Frobenius if U is a Frobenius functor. When certain flatness conditions 
hold, U has a right adjoint F constructed by using the cotensor product: F = —dj)C. The 
flatness conditions required will prove not to be very restrictive allowing us to apply the 
considerations to several situations, and therefore look for equivalent conditions for F to be also 
a left adjoint for U. The characterization formula we obtain will prove to be a close dualization 
of the one characterizing the case of Frobenius extensions of rings, and in particular for the 
case of extensions of coalgebras we obtain a theorem which is dual to the one characterizing 
Frobenius extensions of algebras. 

It is notable that in the case of Frobenius extensions of rings as well as for Frobenius corings 
certain finiteness theorems hold: if the functor U associated to an extension of rings A-^B 
(or to an A-coring C) is Frobenius then B is finitely generated projective as left (and as right) 
.A-module (or C is finitely generated projective as left and as right A-module). We aim to 
prove several such finiteness theorems. For each situation of Frobenius extension of corings 
we consider we give a finiteness theorem. One application is for the coproduct of comodules 
indexed by a set I functor; it is known from [IT] that the coproduct is a Frobenius functor 
(equivalently, the product of comodules exist and is isomorphic to the coproduct) if and only 
if the index set I is finite; this finiteness property will follow also as an application of the 
characterization of Frobenius extensions of corings Theorem. Another application is with 

Frobenius extensions of coalgebras. We prove that if C — D is a Frobenius extension of 
coalgebras over a field then dim(C) < dim(L>) or they are both finite. Finally, we give some 

connections between Frobenius extensions of coalgebras C — > D and the Frobenius property 

A* 

of the dual extension of algebras D* — > C*, showing that these are equivalent whenever C or 
D is finite dimensional. 



1. Extensions of Corings and associated functors 

Let A be a ring and C and T> be two A-corings. Denote by Ac, ec and Ax>, £■£> the comulti- 
plication and respectively counit of C and T> respectively. Our convention is to write ® every 
time we write a tensor product over A of ^4-modules. For c £ C we use the S weedier notation 
Ac(c) = c\ ® C2 € C ® C with the omitted summation symbol. Also, if M is a right (or left) C 
comodule with comultiplication p : M — > M ®C (or p : M — > C®M) we write p(m) = mo®rai 
(or m_i ® mo). For basic facts on corings and their comodules the reader is referred to |BW] , 
Let (C,Ac,£c) an d (V, Ad,£x>) be ^4-corings and A : C — ► V be a morphism of corings, that 
is, A(c)i ® A(c)2 = A(ci) ® A(c2) and £d(A(c)) = £c(c). Then there is an associated func- 
tor U : M. c — > A4 V , called the corestriction functor and defined by U(M) = M with the 
right P-comodule structure given bym^ mo ® A(mi). In particular, C has a P-bicomodule 
structure. Recall that for a right C-comodule M and a left C-comodule N the cotensor prod- 
uct of M and N over C, MU C N is defined as follows: let uj m ,n :M®iV^M®C®A r , 
&m,n = Pm ® C — C ® pn- Then MDe-ZV is defined as the abelian group arising as the kernel 
of ujm,n-, that is we have an exact sequence 

MU C N M®N — ^ M<S>C<S)N 

If / : M — > M' is a morphism of right C-comodules and g : N — ► N 1 is a morphism of left C- 
comodules then one can define fOc9 '■ MOqN — ► M'OcN' by (/ncp)(m® n) = f(m) ® gin). 
Let N he & right D-comodule. If is flat, then by tensoring the exact sequence 

— ► NU V C — > N N ®V®C 
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with C on the right hand side we obtain the exact sequence 

— ► {NU V C) ®C — >N®C®C UJr ^ C N®V®C 

and therefore (NO-pC) <8 C = Ndu (C (8 C) by the natural mapping n <8 c <8 c' h- ► ra <8 c <8 c' . This 
allows us to define a right C-comodule structure on Ndj)C by Ndx>C 3n(3c^n®c\(&C2 G 
./VTJd(C (8 C) = (NUuC) <8 C. More generally, we say that the coring morphism A is (right) 
pure if for every right C-comodule N the morphism un,c is C-pure in Ma (see |BW| . Section 
24, 24.8). In this case, the above isomorphism always holds. 

Then we can define a functor F from M v , the category of all right D-comodules to M c 
by writing F(N) = NU V C. If / : N -> N' is a morphism in .M 25 , then = /DpC, 

F(/)(n <g> c) = /(n) <8 c. By [BW] . Section 22 (22.10) and Section 24 (24.11) we have that 
if aC is flat or more generally, if A is a pure morphism of corings, then F is right adjoint to 
U. Therefore, in this case the functor U is Frobenius if and only if F is also a left adjoint 
to U, because any two left (or right) adjoints of a functor are naturally equivalent (Kan, 
|Knj ) . In order even have a functor F : M v — ► M c , we will always assume that either 
A is a pure morphism of corings or aC is flat or, more generally, the canonical morphism 
(NOuC) <8C — > N\3z>(C <S)C) is an isomorphism (equivalently, ujn,c is C-pure in Ma', see |BW| 
21.4). Otherwise, F makes sense only when considered with values in Ma and the problem is 
not well posed. For convenience, we introduce the 

(*) condition: we say that the (*) condition is fulfilled if the canonical morphism (N\3x>C)®C — > 
N\3d(C <8) C) is an isomorphism for all N £ M v . 

Recall (for example from |CMZj or |McL| ) that F is a left adjoint to U (so we have an 
adjointnes of functors (F, U)) if and only if there are natural transformations ij : Ij^t> — > UF 
and e : FU — > I M c such that 

(1) e F(N) oF( m ) = I F{N) , ViV G M v 

(2) U(e M )or, u(M) = I U(M) , VM e M c 

or, as U(M) = M for all M G M c and U(f) = f for any morphism of right C-comodules /, 
equation ([2]) rewrites to 

(3) suorjM = I M , VM eM c . 

It is then natural to try to compute the (sets of) natural transformations Nat (Iyfp, UF) and 
N&t(FU,I M c). 

Proposition 1.1. Assume the (*) condition is satisfied. Then, with the above notations, we 
have Nat fl^p, UF) ~ T) }lom D (D, C) with the following two inverse to each other applications: 

^g$ M <o,UF) 3r)\ — >Lo Vv e v Hom v (V,C) 

v Rom v (V, C) 3 ol i — ► ??(a) G ^(I^c , UF) 

where for a G v Hom D (V, C), n(a)j\f(n) = uq <S> a{n\), for all N G M v and i : PDpC — > C is 
the (T> , C) -bicomodule isomorphism given by i(d®c) = ex>{d)c with inverse i~ l {c) = A(ci)®C2. 

Proof. Take rj G Nat(I M p, UF). Let N G M v . For each n G N define f n : V -> N ®V 
by fn(d) = n® d. Then it is easy to see that f n is a morphism of right D-comodules, where 
the right P-comodule structure on N ® T> is given by n (8) ci i— > n (g) <ii (8) c?2 . Also, for n G iV 
denote ?7iv(n) = n° (8 Ji 1 G iVTJ^C where the summation symbol is again omitted. Fix n G N 
and suppose pAr(n) = no <8 n\ = ^ (8 <h G (8 We have that is a morphism of right 



4 MIODRAG CRISTIAN IOVANOV 

X'-comodules. By the naturality of rj, we have the following commutative diagram: 



N 



Vn 



NU V C 



PN 



PnOvC 



N <g>T> ► 



frii 



V 



fj V 



(N <g> V)D V C ~ N ® (XQdC) 



The upper diagram shows that (pArDx>C)(n <8)n 1 ) = 77Mg>x>(?io® n i) = S r M r ®x>( n «® c j) and the 

i 

lower diagram applied for each f n . and each di £ V yields rjNt%>v(ni <8> di) = r]N®v(fni(di)) = 
fm^vC(r]D(di)) = th <S> ^©(dj) and therefore we get 



(4) 



(n°) <8> (n°)i <g> n 1 = ® 7/r)(di). 



Then if we denote by a = t o rjx> we have tjd = t 1 o a, so becomes 

(5) (n°) <8> (n°)i <8> n 1 = n <8> A(a(m)i) ® a(ni) 2 . 

Therefore by applying A" (g) (g> C in equation © we get 

m (n) = n° <g> n 1 = (n°) e v ((n°)i) ® n 1 

= n £z)(A(a(rai)i) <g> a(ni) 2 

= n £c(a («i)i) <g> a(n 2 ) 2 

= n <g)£c(a(«i)i)a(ni) 2 

= 7T,o®a(ni) (by the counit property) 



As i is a morphism of right C-comodules, it is also a morphism of right P-comodules, and 
therefore a = i o tjd is also a morphism in A4 V . Now the relation rjjj = 



o a rewrites 



(6) 



d\ ® a{&-i) = r]D{d) = i 1 (a(d)) = X(a(d)i) ® a(d\ 



and this is exactly the fact that a is a morphism of left P-comodules. Therefore a £ 
v Rom v (V,C). 

Conversely, start with such an a. Then relation © holds and consequently for A" 6 M v 
and n G N, we have n o <8> noi ® a(ni) = no ® rt\ <g) a(n 2 ) = re ® A(a(rai)i) ® a(ni) 2 (by 
applying the coassociativity of the comultiplication and ([6]) for m, the second position of 
PN( n ) = n o ® n i £ N ® T>). This shows that actually uq ® a(n-i) £ Ker (ujnc) an d therefore 
it makes sense to define t]n : N — > ATQpC, rjjqin) = no® a(n\). Because a is a morphism of 
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right P-comodules we get 

PNa D c(VN( n )) = VN(n) ®T] N ( n )i = PNO D c( n o®a>{n 1 )) 

= no <8> a(rii)i ® A(a(ni)2) (the right V comodule structure on NDpC 

comes from the right C comodule structure via A : C — ► T>) 
= no <8> a{ni) ® ri2 (as a is a morphism in .M 23 ) 
= w( n o) <8>ni 

This shows that ^ is a morphism of right X>-comodules. Now note that i] is a natural 
transformation: indeed if / : N — ► N' is a morphism of right P-comodules we need to show 
that the following diagram is commutative: 

N ^ NU V C 



f 



fU v C 



N' N'U V C 

W 

This follows as for n € N 

W'(f{n)) = /(n)o ® a(/(")i) 

= /(no) <8> o(ni) (because /(n)o <8> /(n)i = /(no) <8> as 

/ is a morphism in .M ' D ) 
= (/□ c C)( W (n)) 

Now note that for rj € Nat (I^p, UF) we have 77jv(n) = no ® a(ni) and therefore ry = 17(a) 
with the notations in the statement of the proposition. Thus 

(7) V = v(i°Vd) 

Also for a € x, Hom :D (D, C), 7y(a)Ar(n) = no ® a(ni) and then we get that (1 o rj£)(a))(d) = 
i{di <g> o^cfe)) = £x>(c?i)a((i2) = a^ex^cii)^) = a(d). Therefore 

(8) t o r]£)(a) = a 

Now equations ([7]) and (JSJ) show that the applications in the statement of the proposition are 
inverse to each other, and the proof is finished. □ 

For each natural transformation e £ Nat (FU, I M c ) we can associate /? € Hom c (CDx>C, C) by 
putting (3 = ec- Under certain conditions this also becomes a morphism of left C-comodules. In 
fact, for C\Dx>C to have a left C-comodule structure we need an isomorphism of j4-(bi)modules 
C (8) (C\Dj)C) ~ (C <8> C)Ox>C. Therefore in the next Proposition we will assume that u = 
^Cfi is pure in aM. This is not a very restrictive condition as it will be seen that it holds 
many situations including in all the cases of our applications. Moreover, this condition is 
automatically fulfilled when the functors (F, U) form a Frobenius pair. If this does not hold, 
it will be seen from the proof of the following proposition that it is difficult to describe these 
natural transformations. 

Proposition 1.2. With the above notations, if loq,c is pure in a-M. then Nat (FU, I ^c) ~ 
c Hom c (CD©C, C), where the applications giving the equivalence are given by 

N&t(FUJ M c) 3 e 1 — ► e c € c Hom c (CD©C, C) 
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and 



: Hom c {Ca v C,C) 3 /3 i — ► e(/9) € Nat(Fi7,I 



where for (3 G c Hom c (C\3 V C, C), e(0) M {m ® c) = m e c {(3{mi ® c)) /or a// M G A4 C and 
m®c £ MDpC (here moec(P(mi<g)c)) means M®ec (3 applied fomo®mi®cG (M®C)Dx>C ~ 
M ® (CDdC) composed to the canonical isomorphism M ® A~ A). 

Proof. Let M be a right C-comodule and e € Nat (FU, I^c). Denote f3 = ec- Because wc,c is 
pure in a-M, we always have a natural isomorphism of right v4-modules ipM '■ M ® (CD^C) — > 
(M ® CppC (see [EW] . Section 21, 21.4). Pick m ® c G MOpC. By the above mentioned 
isomorphism -0a/ 5 there are mj € M, Cj ® c • € CDpC such that ^>M(X) m » ® c « ® c 'i) = m o ® 

i 

mi ®c£ (M ® C)QpC. We convey to identify each element from M ® (CDpC) with its image 
via tpMj f° r convenience. Then by the naturality of e we have a commutative diagram 



MU V C 



CM 



M 



Pm 



M ® (CDdC) ~(M ® C)DdC ► M ® C 



CDpC 



where for each i, g mi : C — ► M ® C is the right C-comodule morphism defined by g mi (c) 
mi ® c. By the commutativity of the lower part of the diagram, for each i we get €m®c ( m i 
c i ®c' i ) = €M<s,e(gmi^vC(ci ® c-)) = g mi (f3(ci ® cQ) = mj ® /3(cj ® c£), so then 



(9) 



(E 



to,; 



^m, <8>/3(cj ® c0 



By the upper part of the diagram we have e#®c(™o ® toi ® c) = eM<g>c(PMQDC(m ® c)) = 
PM^Mijn ® c)) and therefore 

(10) eji«K®mi®c) = ejif(mig>c)o®e Af (rrc®c)i 

Combining and ()10p and keeping in mind the identification between M ® (CQpC) and 
(M ® C)dx>C made via V>M we get 

(11) m ®/3(mi®c) = ejtf(m ® c)o ® £m(™ ® c)i 
and therefore by applying ° n the second position we get 

(12) e A ./(m®c) = m ec(t3(m 1 ® c)) 

(this formula is aways understood as ejvf(m ® c) = ^mj£c(/3(ci ® c0), where ® Cj ® 

c 1 ^^ {juq ® mi ® c)). 

We have that /3 = is a morphism of right C-comodules. Now writing equation (jlip for 
M = C and m®c = c'®cG CCbC we get ® /3(c' 2 ® c) = /?(c' ® c)i ® /?(c' ® c) 2 and this 
shows that /? is a morphism in C A4 (we have already seen that CDx>C has a left C-comodule 
structure because ojq,c is pure in a-M). 

Conversely, take (3 G c Hom c (COpC, C). For M G .M c , as tp M is an isomorphism for all 
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M we can consider the application cm ■ MO-pC — > M given by the formula in (|12p . so 
cm = vm ° (M ® £c) ° {M <S> (3) o ip^j o (pmO-dC), where vm ■ M ® A — > M is the canonical 
isomorphism. Then em is a morphism of right C-comodules: 

£Af(m® c) ® eM{m® c)i = m o ® moiec(/3(mi ® c)) 

= mo ® mnEc(f3(mi2 ® c)) (the coassociativity of /Om) 

= mo ® /3(m-i ® c)i£c(/9(?tii ® 0)2) (because/? 

is a morphism in ) 

= m ®/3(mi®c) 

= m ® ec(P(mi ® c)i)^(mi ® c) 2 

= m ec(P(mi ® c)i) ® /3(mi ® c) 2 

= m ec(/?( m i ® c i)) ® c 2 (as /3 is a morphism in A4 C ) 

= 6m(w<®Ci)®C2 

Also, note that e is a natural transformation, that is, for a morphism of right C-comodules 
/ : M — ► M' the following diagram is commutative: 



MU V C 



M 



fO v C 



M'U V C M' 

Indeed for m ® c € MO-pC we have 

e M i(fOvC(m ® c)) = e M '{f{m)®c) 

= /(m) £ C (/3(/(m)i ®c)) 

= /( m o)ec(/3( m -i ® c)) (because / is a morphism in A4 ) 
= /(mo£c()3(mi (8 c))) 
= /(eM(m®c)) 

Thus e = e(/3) G Nat (Ft/, I^c ) is a well defined natural transformation. Now, if e € 
Nat (-Ft/, I a^c ) then by formula (fT2|) we see that e = e(/3) for /? = ec and therefore 

(13) e = e(e c ) 

Also, if e c Hom c (CD©C, C), then for c ® c' G CQpC we have 

e(/?)c(c®c') = cie c (/3(c 2 ®c')) 

= /?(c ® c')i£c(/3(c ® c')) (because /3 is a morphism in A4 C ) 
= /3(c®c') 

and therefore 

(14) e(/3) c = /3 

Equations (|13p and (|14p show that the applications given in the statement of the Proposition 
are inverse to each other and the proof is finished. □ 
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Definition 1.3. Let A : C — > T> be a morphism of corings. We say C — ► T> is a right 
Frobenius extension of corings (or X is Frobenius) if the functor U : M c — > M v is a Frobenius 
functor. 

In the case the categories A4 C and A4 V are abelian categories, then if (F, U) form an adjoint 
pair (i.e. F is a left adjoint for U) then F is right exact. We can see that this is also true for 
more general categories, in particular for the case we are interested in. Recall from |BWj that 
the category of right C-comodules AA C has cokernels and the image of every morphism of right 
C-comodules / : M — ► M' is a subcomodule in M'. We say that a sequence 
M" — >0 is exact provided that v is an epimorphism, v has Kernel and Im(u) = Ker(t>). A 
certain right exactness of F that we need can be proved here without the assumption that Ai c 
and M v are abelian, which in turn is used to prove that the condition iocfi is pure in a-M 

holds when C — * T> is a Frobenius extension. Following the ideas from |BWj 21.5, 18.16, 3.19 
and 3.3, we can prove the following 

Proposition 1.4. Suppose the (*)- condition holds and that (F,U) form an adjoint pair, i.e., 
F is a left adjoint to U. Then loq c is pure in a-M. 



Proof. By [BW], Section 21 (21.4, Tensor-cotensor relations) we see that ujcc is pure in a-M 
if and only if the canonical morphism ipM '■ M <8> (CDpC) — * (M <8> C)\D-pC is an isomorphism 
for any M € aM. Let F<i — > F\ — > M — > be an exact sequence of A-modules with free 
^-modules F<i and F\. Then we have the commutative diagram 



(F 2 ® C)U V C — {Fx ® C)U V C — - (M (8> C)D V C 







^F 2 



F 2 <g> (CO v C) — Fi ® (CCbC) — - M (g) (CDuC) — 

where the bottom row is exact by the right exactness of the tensor product and the first 
two vertical arrows are isomorphisms because the tensor and cotensor product commute with 
coproducts. Then in order to finish the proof, by the above diagram it is enough to prove 
that the top row is exact as a sequence of ^-modules, that is, the sequence F(F 2 C) — ► 
F(F ± (g> C) — ► F(M ®C) — > is an exact sequence of A-modules (M <g> C = U(M ® C) is 
considered here as a P-comodule). Denote Z = F 2 ® C, Y = Fi <8) C, X = M (g) C. Because F 
is a left adjoint to U, for every right C-comodule W we have a commutative diagram 

—» Rom c (F(X),W) — Hom c (F(Y),W) — Hom c (F(Z), W) 



(Dl) 











Rom v (X, U(W)) — Bom u (Y,U(W)) — Hom v (Z, U(W)) 



We prove that the bottom row of this last diagram is commutative for every W £ Ai c , and 
this will imply that the top row is exact too. By [BW] . Section 3 (3.3) we have that for any 
two right P-comodules ./V and N' there is an exact sequence of abelian groups 







Hom I) (iV, N') — ► Rom A {N, N') ^ Rom A {N, N' ® V) 

where VN,N'{f) = PN' ° / — (/ ® C) o p N . Therefore, as in |BWj . 3.19, we have a commutative 
diagram yielded by the exactness of the sequence of A modules Z — ► Y — ► X — > which 
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is easy to see that it is exact also as a sequence of right D-comodules (because it is exact in 
Ma] note that we do not need to have that aF> is flat so that the category a-M. to be abelian). 





► B.ora D {X,U{W)) Horn 73 '(Y,U(W)) Rom D (Z, U(W)) 



Eom A (X,U(W)) Hom A (Y,U(W)) Rom A (Z, U(W)) 



Honu(X, U(W) ®V)^ Hom A (Y, U(W) ® V) — Hom A (Z, U{W) ® V) 

The two bottom rows are exact by the properties of the Hom^(— , — ) functor and the vertical 
columns are exact by the previous observation ( |B Wj . 3.3). Then it follows that the top row 
of this last diagram exact (in a-M), that is, the bottom row of (Dl) is exact and therefore the 
first row in diagram (Dl) is exact too. Now denote F(Z) — — > F(Y) — — > F(X) the morphisms 
induced by F from the exact sequence Z — > Y — ► X — ► 0. Put W = F(X)/Im(u) (which 
has a natural C-comodule structure as Im(u) is a subcomodule of F(X)\) and tt : F(X) — > 
F(X)/Im(u) the canonical projection. As the first row in diagram (Dl) is exact, we see that 
Hom c (u, W) is injective. But Hom c (u, W)(tt) = it o u = 0, so7r = and therefore lm(u) = 
F(X). Now as Im(v) is a subcomodule of F(Y), for the right C-comodule W = F(Y) /Im(v) 
and the canonical projection p : F(Y) — > F(Y) /Im(v), from the exactness in (Dl) we again 
find that Ker (Hom c (u, W)) = Im(Hom c (n, W)). Then Hom c (u, W)(p) = p o v = 0, so p e 
Ker (Horn (v, W)) and therefore there is h : F(X) — > W such that h o u = p. Hence if 
y € F(Y) is such that u(y) = 0, we get h(u(y)) = so p(y) = 0, i.e. y € lm(v) showing 
that lm(v) C Ker(u). The converse inclusion is obvious as u o v = (it follows from the 
functoriality of F and the exactness of the sequence Z — ► Y — ► X — > 0). With this, we 
get that the sequence 

(F 2 ® C)U V C — ► {F x ® C)CfoC — ► (M C)DuC — ► 

is exact (in A M) and the proof is finished as shown before. □ 

Theorem 1.5. Suppose the (*)- condition holds for the coring morphism A. Then C — 2? 
is a u(//i£ Frobenius extension of corings if and only if uocfi is pure in a-M and there are 
a £ B Hom :D (P,C) and G c Rom e (CE\ V C, C) such that 

(15) f3(a ® aA(c 2 )) = /3(aA(ci) ® c 2 ) = c 

/or all c £ C. 

Proof. Assume C — D is a Frobenius extension. Then by Proposition II .41 we have that u>c,c 
is pure in a-M.. As (F,U) is a Frobenius pair of adjoint functors, we have that F is also a 
left adjoint to U. Let 77 : Ij^v — > and e : Ft/ — ► I^c be the unit and counit of this 
adjunction, thus satisfying the equations (JTJ) and ([2]). Then note that Propositions 1 1 . 1 1 and 11.21 
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apply, and then we obtain a G :D Hom I '(P, C) and (3 G c Hom c (CD©C, C) such that for N G A4 D 
and n E N 

(16) 7?Ar(n) = n ® a(ni) 
and for M G A4 C and m <g> c G MEfeC 

(17) £iif(m (8) c) = moec((3{mi (g> c)) 
By the naturality of e we have 

(18) /3 o (iDxjC) = i o e F ( C ) 

where i : PQpC — ► C is the isomorphism from Proposition 11.11 Then for c G C we have: 
c = t(A(cx) <g> c 2 ) = t(e F (x>) o F(r] V )(X(c 1 ) <g> c 2 )) (by equation JI}) 
= t(ej ? ( 2 3)(A(ci)i®a(A(ci) 2 )®P2)) (byCSD) 
= /3(iD B C(A(ci)i ® a(A(ci) 2 ) ® c 2 )) (from®) 

= /?(tDx>C(A(a(A(ci))i) ® a(A(ci)) 2 ® c 2 )) (asaisamorphismin' D A4) 
= / 9(e2?(A(aA(ci)i))aA(c 1 ) 2 ® c 2 ) 
= /3(ec(aA(ci)i)aA(ci) 2 ® c 2 ) 
= /3(aA(ci) ® c 2 ) 

Also 

c = ecfac(c)) (by © for M = C) 
= /9(»3B(c)) 

= 0( Cl ® aA(c 2 )) (by (TI6])) 

and therefore (fT5|) is proved. Conversely, assume there are a and /3 such that (p~5|) holds and 
also that ooc,c is pure in aM- Then again by Propositions II. l l and 11.21 we can find the natural 
transformations r\ : Ij^p — ► UF and e : FU — > I^c such that conditions (| 16j) and (|17p are 
fulfilled. Then, with notations as above and n ® c G TVOpC we have 

e F ( N -)(F(ri N )(n® c)) = e F(JV )(n ® a(n x ) ® c) byflU]) 

= n ®a(ni) 1 ec(/9(a(ni) 2 ®c)) (from (fTTj) for M = F(N)) 

= n ® f3{a{n\) ® c)iec(/3(a!(ni) ® c) 2 ) (because /? G C A^) 

= n ® /3(a(ni) ® c) 

= n ® /3(aA(ci) ® c 2 ) asn®c€iVEfoC 

= n ® c by (TT5j) 

It is not difficult to see that the compositions of functions involved above make sense and 
therefore these computations yield (JTJ) . Also for M G A4 C and m G M we have 

€M(w( m )) = £M{mo ® a A (mi)) (the right D— comodule structure of M) 
= ?n oec^("T-oi 8) aA(mi)) 
= m ecP{mii ® aA(mi 2 )) 
= m ec(wi) by ([15]) 
= m 

and then (J2]) holds. Equations JT]) and ([2]) show that F is also a left adjoint to U which amounts 
to the fact that F is a right adjoint to U, showing that C — > T> is a Frobenius extension. □ 
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Remark 1.6. If M is a C-C bicomodule, then we have c Hom (M, C) ~ {u G ^Hom^M, A) | 
u(mo)mi = ?n_iu(mo)}. Indeed, if h G c Hom c (M, C), then u = eq o h G ^Hom^M, C) and 
zi(mo)mi = £c(M m -o)) m -i = e(h(m)i)h(m}2 (because /i is a morphism of right C-comodules) 
and therefore u(mo)m\ = h(m) and similarly m_itt(mo) = h(m) so 

(19) m_i«(mo) = u(mo)m\ 

Conversely, for u G ^Hom^ (Af, A) which satisfies Q19|) . we can easily see that h u = (m i— > 
u(mo)mi = m_i«(mo)) is a morphism of left and also of right C-comodules because of (|19[) 
and that eq ° h = u if and only if /i = h u . Therefore we can equivalently express the statement 
of Theorem ll.5t 

Corollary 1.7. If the (*)- condition holds for the coring morphism X, then C — > V is a 
right Frobenius extension of corings if and only if luc,c is pure in aM. and there are a G 
^Honr^X^C) and 7 G A ^om. A (CU v C, A) such that 

(20) 7(aA(ci)®c 2 ) = 7(01 ® aA(ci)) = e c (c) 

and equation [19]) holds for M = COx>C, that is, 017(02 <S> c') = 7(0 ® c^c^ = c <8> c' /or 
c ® c' G COpC. 

2. Examples 

We consider here several situations where the above considerations apply. We also give some 
finiteness theorems for the cases we study. 

Example 2.1. Let I be a set, (T*,Ad,£v) be an A-coring. Let C = Q)T> (the direct sum of 

iei 

A — A-bimodules) and denote by o~i : T> — ► C be the canonical injections and pi : C — ► T> be 

the canonical projection on the i-th component. Then any element in C is of the form ^ o~i(di) 

iei 

with di G T> and it is not difficult to see that C becomes an A-coring by comultiplication Ac 
given by 

AcQJ *^)) = y~Vj(riji) <8) cr i (d i2 ) 
iei iei 
and counit eq given by the formula 

iei iei 

Let A : C — ► T> be the A-bimodule morphism defined by A(^ &i(di)) = di- By the above 

iei iei 

definitions it is clear that X is a morphism of corings. By [IT], Proposition 2.6 we have 
that the category Ai c is equivalent to the product of categories {M®) 1 . Recall that any C- 
comodule M is given by M = Q) Mj where each Mj is a T>-comodule and if di : Mj — ► M 

iei 

is the canonic injection, then the C-comodule structure of M is given by pu : M — ► M®C 

with p(^2 9i(im)) = X^( m «o) <8> o~i{mi\). The right V-comodule structure of M is given by 
iei iei 

p' M : M — > M <g>V with p' M (Y^ (@i( m i)) = Yl @i( m io) ® m «i G M (g> 2?. It is easy to see that 

iei iei 

the T>-comodule structure of M as the direct sum of the D-comodules (Mj)j g / is the same as 
the one obtained from the right C-comodule structure of M via X. Therefore the functor U 

associated to the extension of corings C — T> coincides to the coproduct functor from (Ad 1 *) 1 
to M v . 

Proposition 2.2. The coring extension from example \2. 1\ satisfies the (*)- condition. 



12 MIODRAG CRISTIAN IOVANOV 

Proof. Note that for (N,p N ) € M v and x = n ® ^2 &i(di) E N ® C, by the definitions in 
Example l2.1l we have ujwr(x) = n$®ni®Yl a i{di) — Yl n( 3dii®(Ji(di2) = XX n o®"i®0i(^i) — n ® 

it i 

di 1 (g>ai(di 2 )). If we denote by A = N®V®ai(V) we have = A = (N®V®V)W 

i 

and as no <8> rei <8> &i{di) — n(& dn® o"^^) € A we can see that o;jv,C = © &N,v- Therefore 

iei 

it is enough to show that ojn,v is C-pure. But C = as left ^4-modules, so it is enough to 
prove that u>n,v is P-pure (because the tensor products commute with direct sums). It is easy 
to see that the sequence 

— ► N N ®T> -— ? N ®T> ®V 
is exact, for ojn,v ° Pn = and if TH® d* G Ker {ojn,v) then ^ m <8> <h = ni®dn£x>{di2) = 

i i i 

J2 n i0 ® naev(di) = Y^(ni£v(di))o <g> (rai£x>(di))i G Pn(N), thus pn(N) = Kerwjv,©- If a: = 
^ nj <8> (8) ej € Ker (u>n,v ® I 5 ) then 

^ nj ® <g> = (g> dn£v{di2) ® e% 

i i 

= n «o ® na£x>(di) ® ej (because ijJn,v{%) = 0) 

i 

= y](wjgp(di))o (Si (THgg(di))l e» 

showing that x G Im (pjv <8> 2?), so Ker (ojn,v ®T>) = lm {pn ® f). Also if n® c G Ker (px <g> V) 
we have no ® ni (g> d = so = no <S> ££>(ni)<i = n®d and therefore p^r ® 2? is injective. Hence 
we get that the sequence 

is exact, and the proof is finished (in fact, it all follows as N is a direct summand in N T> as 
right A- modules). 

□ 

Example 2.3. Let C be an A-coring andT> = A with the canonical Sweedler A- coring structure 
given by the comultiplication A3a>-^>l®a = a®l(zA (E)a A and counit A 3 a i— > a G A. 

Put A = £c- Then C — * A = C A is an extension of corings because \{c\) <£> A(c2) = 
ec(ci) ®A£c{c2) = £c{ci)£c{c2) ®a 1 = ec{ci£c{c2)) <8>1 = £c(c) ® 1 = A(c)i (g) A(c)2. Moreover, 
the forgetful functor AA C — > Ma associating to each right C-comodule M the underlying 
A-module M is coincides with the corestriction functor associated to the morphism A = eq- 

The following Proposition follows from |BWj . Theorem 27.8. However we can obtain this from 
our generalization on Frobenius extensions of corings. 

Proposition 2.4. (Frobenius corings) Let C be a coring. The extension of corings C A 
from Example \2.3\ is (right or left) Frobenius if and only if there is a Frobenius system (e,7r), 
e € C A = {x G C | ax = xa, Vo G A} and ir € c Hom c (C <S>a C,C) such that 

7r(c ® e) = 7r(e ® c) = c 
Proof. It is not difficult to see that we have an exact sequence 

— >C®C^ c®c^c®c®c 



FROBENIUS EXTENSIONS OF CORINGS 



13 



because ojc,c{c <8> c') = c ® 1 <g> c' — c <g> 1 <8> c' = by the canonical A-comodule structure of C 
Therefore coc,c is always pure. Also for a right A-comodule (i.e. a right ^4-module) we can easily 

again see that ujn,a = 0, and therefore the (*)-condition holds. Now if C A is Frobenius, 
by Theorem 11.51 we get a : A — > C an ^4-bimodule morphism and j3 G c Hom c (C (8) C,C) such 
that equation (|15f) holds. Put 7r = (3 and e = a(l); then ae = aa(l) = a(a) = a(l)a = ea 
and a{a) = aa(l) = ae = ea. We get ir(e <g> c) = i\(e <S) £c( c i) c 2) = ?r(e£c( c l) ®A c 2) — 
/3(a(ec(ci)) <S> c 2 ) = c by (fT5j) and similarly ir(c <S> e) = e. Conversely if these conditions hold, 
define a = (a 1— ► ae) and /? = tt; then a G " 4 Hom" 4 (A,C) and by the same computation as 
above we get that equation (115p holds. Therefore by Theorem 11.51 the extension C A is a 
Frobenius extension. □ 

Following |BW] . if an A-coring C satisfies the condition in the above proposition, C is said to 
be a Frobenius coring. By the above Proposition we see that this is a left-right symmetric 
concept. 

Let cp : A — ► B be a morphism of rings. Recall that A B is a Frobenius extension if 
B is a finitely generated projective left (equivalently right) ^4-module and B ~ Honi/^i?, A). 
This is equivalent to the fact that the induced forgetful functor bM. — ► aM is Frobenius, or 
equivalently, there are E : B — ► A an ^4-bimodule morphism and an element h = ^hi® gi G 

i 

B ®a B such that for all b G B we have 

Y / E(bh l )g l = J2 h i E (9ib) = b 

i i 

(we refer the reader to [K] for these equivalent conditions). In this case the element h is B- 
invariant, that is, bh = hb, V6 G B. Then it is easy to see that the existence of h is equivalent 
to the existence of u G_b Houib(B , B (g) B), where u(b) = hb (and conversely, h = u(l)). 
This comes from the isomorphism b^oyo.b{B,B B) ~ {h G B ®a B \ bh = hb, V6 G B}, 
u h> «(1) (see |BW] . section 27, and [CMZj ). Therefore we can equivalently restate this as 

Proposition 2.5. The ring extension A i? is Frobenius if and only if there are E G 
aRoto.a{B,A) and u G bHouib(B,B ® B) such that 

(21) fj, o (y?.E (8> I5) o u = fio (1 B <S> <pE) o u = 1b 

where fi : B ®a B — > B is the multiplication of B induced to B ®a B . 

Remark 2.6. By ( jBWj . 25.1, 27.7), if the extension ip : A — ► B is Frobenius then B ® A B 
with the canonical Sweedler i?-coring structure given by comultiplication (b <%>a b') 1— ► (b ®a 
1) <8>s (I^a^') and counit b®Ab' 1— > 66' is a Frobenius coring. The converse also holds provided 
that B is faithfully flat as left or right j4-module. 

In the case some restrictions are imposed on the base ring A, the restrictive conditions (*) and 
"^C C is pure in a-M" can be eliminated. In particular, for extensions of coalgebras a theorem 
dual to the theorem characterizing Frobenius extensions of algebras (or rings, Proposition ^. 51) 
can be obtained. 

Example 2.7. Extensions of coalgebras An extension of corings C D with C,D 
coalgebras over a commutative ring A will be called an extension of coalgebras. 

Theorem 2.8. Let A be a von Neumann regular ring (VNR). Then an extension of A- corings 

C — > T> is (left or right) Frobenius if and only if there are a G ■ E> Hom' D (P,C) and (3 G 
c Hom c (CDi)C,C) such that 

/3(ci <8> aA(c 2 )) = /3(aA(ci) <g> c 2 ) =c 
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for all c € C, equivalently, 

(22) o (qA <g> l c ) o A = /3 o (l c <g) aA) o A = l c 

In particular this holds for extensions of coalgebras over fields. 

Proof. If the base ring is VNR then all left and right modules are flat, and therefore the 
above mentioned conditions can be deleted from Theorem II .51 Therefore, by the symmetry of 
the equation (|15p the theorem becomes left-right symmetric too. □ 

Remark 2.9. Theorem 12.81 gives a characterization of Frobenius extension of corings over VNR- 
rings (in particular of coalgebras over fields) which is completely dual to the characterization 
of Frobenius extensions of rings (and in particular of algebras over fields). 



3. Finiteness Theorems 

The following proposition investigates when the coproduct of comodules on the category of 
D-comodules indexed by a set /, U = (J), is a Frobenius functor. As the coproduct functor is 

a left adjoint to the diagonal functor 5 : A4 V — ► {M^) 1 , this is equivalent to the fact that 
U = (J) is also a right adjoint to 5, that is, it is also the product (of families indexed by /) in 
the category A4 V , and the product and coproduct are isomorphic. 

Proposition 3.1. The the extension of A- corings C — V from Example \2. 1\ with T> ^ is a 

Frobenius extension (left or right) if and only if the set I is finite. Consequently the coproduct 

functor ® on -M C is Frobenius (and coincides with the product of comodules) if and only if I 
I 

is finite. 

Proof. The statement follows from a result from [IT], namely Theorem 1.4, which shows that 
for a preadditive (and even for a more general type of) category if the coproduct (or product, 
or equivalently the diagonal functor) indexed by a set / is a Frobenius functor then / is finite 
(provided such a coproduct exists). However we can also see this from the results in the present 
paper. If / is finite then it is easy to see that U is also the product of comodules, with the 
projections being the canonical projections of the product of modules. To prove the converse, 
we first note that the (*) condition holds by Proposition 12.21 Then we can find a and (5 as 
in Theorem 11.51 With the notations of Example 12.11 let on = pi o a; then a, is a morphism 
in v J\A V because pi is too. First note that because (3 is a morphism in A4 C , for d € V and 
i,j El we have 



P{(Tj{d x ) ® a l {d 2 )) = e c (P(<Tj(di) (T i (d 2 ))i)/3((7 J (di) (Ti(d 2 ))2 
= ec(P(<Tj(di) o-i(d 2 )))o-i(d 3 ) € a^V) 
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and similarly, as (3 is a morphism in C A4 we get P(aj(d±) £§> 0i(d 2 )) G °~j(D) and therefore for 
i 7^ j we obviously get P{aj{d\) ® er^c^)) = 0. Then for d £ T> as a(ci) = X^ (T j Q; i(^) we S e t 

i 

d = / 9(oA((7i(d)i)®(7 i (d)2) (by (USD) 

= P(a\(ai(di)) <g> <Ji(d2)) (definition of Ac) 
= 0(a(di) <g) 0"j(d 2 )) (definition of A) 

= s ^j3{<j j a j {di)®<Ji{d 2 )) 
jei 

= P(aj(aj(d)i) ® Oi{ctj{d)2)) (as ay is a morphism in .A4 15 ) 
jei 

= ^ijP( a j i a j (d)i) <8> o"i(o!j (^2)) (where 5^ is the Kroneker symbol) 
jei 

= f3(ai(ai(d)i) ® ai(ai(d) 2 )) 

This last equality obviously shows that for all i £ I, cti is injective. But then for d £ V,d ^ 0, 

we have a.i{d) 7^ 0, Mi £ I and therefore I must be finite because the family (aj(cf))j e / G 

is of finite support. □ 

For the coring extension of Example 12,31 by [BWj . 27.9 we have 

Proposition 3.2. If C is a Frobenius coring (that is, the extension of coring s from example 
\2.3\ is Frobenius) then C is finitely generated projective as left and right A-module. 

For extensions of coalgebras we can prove several interesting results parallel to existing ones 
for the extensions of algebras, namely several finiteness properties. We first prove a general 
finiteness theorem for Frobenius extensions of coalgebras. In what follows the ring A is a field 
K and the tensor product is always considered over K unless otherwise specified. 

Theorem 3.3. The Finiteness of a Frobenius extension of coalgebras Let C, D be two 

coalgebras over a commutative field K and C — > D a Frobenius extension of coalgebras. Then 
dim(C) < dim(D) or they are both finite dimensional. 

Proof. Take a and as in Theorem 12.81 Then for c £ C we have P{a\{c\) (g) c 2 ) = c. 

Let (dfc)fcgA be a ET-basis for D and for each a{dk) choose an expression of Ac(a(4)) of the 

form Ac(a(dk)) = a(dk)i <8> ot(dk)2 = Yl u ki ® v ki G C ® C. We show that C is generated 

l 

by the a(c4)i's, i.e. by the family of elements (uki)k,i', as f° r each k £ A there are only a 
finite number of elements Uki, the conclusion will follow. Denote by C =< (v,ki)kl > the 
subspace of C spanned by the family (uki)k,l- Take c G C and write Ac(c) = c « ® 

i 

As A(q) € D, we have A(cj) = J^dkrik, so aA(cj) = J2 a (dk) r ik, r ik G Therefore we 

fc fe 
have aA(c 1 ) 1 ® aA(ci) 2 ® c 2 = ^ a -M c i)i ® aA(cj) 2 ® e { = X]E Q (4)i ® «(4)2»"ife ® e, = 

i i fc 

I] «/W <8> ffezr ifc (g> e, so 

i,k,l 

(23) aA(ci)i ® oA(ci) 2 ® c 2 = ^v-ki <%> v k ir ik ® ei 

i,k,l 

Note that we have an isomorphism C ® (CUpC) — (C ® C)D£>C because we have an exact 
sequence 

— ► C ® (CDijC) — >c®c®c C ^ ,c C®C®C®C 
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Then we can write aX{c\)\ ® aA(ci)2 ® C2 = Z x s ® T s G C ® (COpC) with T s G CD.dC. By 

a standard linear algebra argument, we can take (T s ) s to be linearly independent (just take an 
expression of x s ® T s with a minimal number of tensor monomials of the type x ® T, x G C, 



T € CDdC). Note that aA(ci)i ® /3(aA(ci) 2 ® c 2 ) 
Therefore we have 



(C ® /?) o (A c ® C) o (qA ® C) o Ac. 



x s s c P{T s ) = aA(c 1 )ie C 7/3(aA(ci)2 ® c 2 ) 



so we get 
(24) 



f3(a\(ci) ® C2)i£c(/3(o ; A(ci) ® 02)2) (because/3isamorphismin c '.A4) 
/3(aA(ci) ® C2) (by the counit property) 
c (by (H5])) 

c = ^2x s e c P(T s ) 



As (T s ) s are independent there are T* G (CD D C)* such that T*(T a ) = 5 ps ; as CU D C C C®C 
we can find U* G (C ® C)* such that f/ s *|cCbC = Then by (EHJ) we have ^i s ®T s = 

Z u ki ® v H r ik ® ei, so we get x p = ^ x s T*(T s ) = ]P x s U*(T s ) = ]P u k iU*(r ik v kl ® e;) G C" 
and therefore by (f24"|) we find that c = Z e cP(T s )x s G C". Thus C = C and the proof is 



finished. 



□ 



Proposition 3.4. Let C ^ D be an extension of coalgebras (over a field K) and denote 
E = A(C). T/ien CU D C = CU E C and C* ® D * C* = C* ® E * C* . 

Proof. We have that E is a subcoalgebra of D. Write A = j o i with i : C — ► E being the 
corestriction of A and j : E C D the canonical inclusion. Note that we have a commutative 
diagram 







CU D C 



c® c 



D 

c,c 



C®L>® C 



C®i®C 







CU E C 



c® c 



C® £® C 



c,c* 



which shows that CDdC = CD^C because C ® i ® C is injective (because i is). Similarly, as 
there is a morphism j* : D* — ► we have an epimorphism ip\ : C* (%>d* C* — ► C* ®d* C* 
taking g* ® D * /i* to 5* ® E * /i*, because the application C* ® C* 9 (g*,h*) ^ g* ® E * h* G 
C* ®£;* C* is Unbalanced. But as for e* G £7* and G C*, there is d* G £>* with 

j*(d*) = e *, we have 

h*-e*® D *g* = h* *i*(e*)® D * g* = h* *i*f{d*)® D * g* 

= h* *\*(d*)® D * g* = h* -d* ® D * g* 
= h* ®£>* cf • p* = /i* ®d* A(tf ) * 5* 
= h* ® D * i*(e*) * g* = h* ® D * e* ■ g* 

This shows that the application </? 2 : C* ®£* C* — ► C* ® D » C*, ^2(5* (£> E * h*) = g* (£> D * h* is 
well defined and it is obviously an inverse for (p\. □ 
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Lemma 3.5. Let C D be an extension of coalgebras (over a field K) such that C is finite 
dimensional. Then there is an isomorphism of C* -bimodules C* <8>d* C* ~ (COjyC)* given by 
g* ® D * h* .— ► (g ® h ^ g*(g)h*(h)). 

Proof. We have an isomorphism of vector spaces ip : C* ® C* — ► (C ® C)* given by 
ip(g* ® h*) = (g ® h i— > g*(g)h*(h)). First note that by the previous proposition, replacing D 
with A(C) we may assume that D is finite dimensional too (the C*-module structure is also 
preserved). Let r] : CU D C — ► C®C be the inclusion morphism andp : C*®C* — ► C*®d*C* 
the canonical morphism p(g* ® h*) = g* ®d* h*; define tt : C* ®d* C* — ► (CD^C)* by 
ir(g* ®d* h*) = rj*(p(g* ®h*). Note that tt is well defined as for d* G D* and g®h G CDjjC we 
have gi®\{g 2 )®h = g®X(hi)®h 2 so n*(p(g* ■ d* ®h*)(g®h) = n* ip(g* * \* (d*) ® h*)(g ® h) = 
g*(gi)d*(X(g 2 ))h*(h) = g*(g)d*(X(h 1 ))h*(h 2 ) = t/W ® A *( d *) * &*) = »/W ® ^* ■ (* 
is the convolution product of C*). Also note that tt is surjective as tt o p = rf o ip and rf is 
surjective. As we have epimorphisms 

(C ® C)* = C*®C* -£+ C* ® B » C* (CD D C)* 
we get monomorphisms and a commutative diagram 

(CD.dC)** (C* ® D * C*)* (C* C*)* ~ (C ® C)** 

CD D C C ® C 

Here, for a vector space V we use the identification between V and V™* given by the iso- 
morphism <lv : V — ► F**, ^>v{v) = (v* i— > f*(f)) 6 ^**. We prove that 7r* is surjective 
and this will show that tt is also injective. Pick A G (C* (8>d* C*)*. Then p*(A) = A op g 
(C* ® C*)* ~C®C so by the identification we made we can find c ® e € C ® C such that 
p*(A)(#* ® /i*) = g*(c)h*(e), V 5 * ®/i* G C*®C*. For cf G D* we have 

5 *(ci)d*(A(c 2 ))/i*(e) = p*(A)(g* *X*(d*)®h*)(c®e) 

= A(g* -d*® D * h*){c®e) 

= A(g* ® D * d* ■ h*){c®e) 

= p*(A)(g* ®X(d*) *<f)(c®e) 

= g*(c)d*(X( ei ))h*(e 2 ) 

showing that g*( Cl )d*(X(c 2 ))h*(e) = g*(c)d*(X(e 1 ))h*(e 2 ) for all g*,h* G C* and d* G D* so 
U{c\ ® A(c 2 ) ® e) = C/(c <8) A(ei) ® e 2 ), VC7 £ (C ® D ® C)* and therefore ci ® A(c 2 ) ® e = 
c® A(ei) ®e 2 . Thus c®e G CU D C, that is c® e = v?(c®e). Hence p*(A) = ^c®c(^(c® e)) = 
p* (tt* cnr,c( c ®e))), soA = 7r* cOnc{ c ® c))- Thus tt* is a bijection. 
Finally, for an element x = Y^K ®d* g* £ C* ® D * C* and c* G C*, c ® e G CD D C we 

have (c*vr(x))(c ® e) = vr(x)((c ® e) • c*)) = c*(ci)7r(x)(c 2 ® e) = E c*(ci)/i*(c 2 ) 5 *(e) = 

7r(c* -h*®o* ff 4 *)( c ® e ) = ^(c* •x)( c ® e )- This shows that tt is a morphism of left (and similarly 
of right) C*-modules. □ 

Proposition 3.6. If C D is a Frobenius extension of coalgebras, then C is injective as 
left and also as right D-comodule. 
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Proof. By the definition of Frobenius extensions, we have that the functor F = — DdC : 
A4 D — > A4 C is Frobenius so it has the same left and right adjoint. As Ai and A4 D are 
abelian categories, we get that F is left and right exact. Therefore by [DNRj . 2.4.23 we have 
that C is injective as left D-comodule. By Theorem 12.81 we have the left-right symmetry of 
Frobenius extensions of coalgebras and therefore we also get that COd— : D A4 — ► ' M. is a 
Frobenius functor and that C is also injective as right -D-comodule. □ 

Proposition 3.7. Let C — ► D be an extension of coalgebras with C finite dimensional. Then 
the application $ : D Hom D (D,C) 3 a — ► <J>(a) = a* G fl.Homfl. (C*, D*) is well defined 
and bijective, where D Hom D (£>*Hom£)*J represents the set of morphisms of D-bicomodules 
(respectively D* -bimodules) . 

Proof. It is not difficult to see that $ is injective, as if a* = 0, then c*(a(d)) = for all 
d G D and c* G C* and therefore a(d) = 0, Vd G D. Let u : C* — ► D* be a morphism of 
Z)*-bimodules. Then / = Im (u) is an ideal of D* of finite dimension and thus E = I 1 - = {d G 
D | d*(<i) = 0, VcZ* G /} is a subcoalgebra of D which has finite codimension as I is finite 
dimensional. We also have that I is closed in the finite topology on D* (for example, by [DNRj . 
Corollary 1.2.12), so E ± = {d* G D* | d*(d) = 0, M d G E} = (/- L ) ± = I. Let p : D — ► D/f? 
be the canonical projection, i : I *—* D* the inclusion morphism and v : C* — ► I the 
corestriction of u. There is an isomorphism 9 : (D/E)* — ► / = E taking h G (D/E)* to 
9(h) = hop G /, and then we have a commutative diagram 




where v = 9~ 1 o u. But C and D/i? are finite dimensional vector spaces and therefore there is 
q : D/E — ► C such that v = q*. Hence we obtain u = iov = io9ov = p*ov = p*oq* = (qop)* , 
so u = a* for a = qop. 

Now the following sequence of equivalences shows that a is a D-bicomodule morphism if and 
only if a* is a Z)*-bimodule morphism, and thus $ is well defined (denote by * the convolution 
product of C*): 

a is a morphism of right D — comodules 44> 
a{di)®d 2 = a{d)i ® \(a(d) 2 ), Vd G D <^ 
c*(a(di))d*(d2) = c*(a(d)i)<T(A(a(d) 2 )), G D, Vc* G C*, Vd* G ^ 
(a*(c*)*d*)(d) = (c* * A*((i*))(a(d)), Vc? G -D, Vc* G C*, Vd* G D* ^ 
a*(c*)*d* = a*(c* ■ d*), Vc* G C*, Vd* G D* 4^ 

a* is a morphism of right D* — modules 

(and similarly a is a morphism of left D-comodules if and only if a* is a morphism of left 
D*-modules.) □ 

Proposition 3.8. Let C be a finite dimensional coalgebra and C — D an extension of 
coalgebras. Then the following assertions are equivalent: 

(i) C^D is a Frobenius extension of coalgebras. 

(ii) D* ^ C* is a Frobenius extension of algebras (rings). 
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Moreover, in this case C is finitely cogenerated and injective as left and also as right D- 
comodule and C* is finitely generated projective as right and also as left D* -module. 

Proof. (i)=Kii) B Y Theorem ES] we can find a,/3 such that (JTSJ and ([22j) hold. Put E = a* G 
£>*Honi£)* (C*, D*) by Proposition 13.71 As (3 : CdrjC — ► C is a morphism of C-bicomodules, 
we can easily see that (3* : C* — ► (CDdC)* is a morphism of C*-bimodules, because the 
category of finite dimensional C-bicomodules is in duality with the category of C*-bimodules. 
Then by Lemma 13.51 we may view (3* as a morphism of C*-bimodules u = (3* : C* — ► 
C* tS>D* C* ~ (CUdC)* . Now by dualizing equation (|22p we can easily see that we obtain 
(|2ip . where (i = A* and 1q* = £c are the multiplication and unit of C* and (p = A*, showing 

that D* — — > C* is a Frobenius extension. 

(ii)^(i) By Proposition [23] we find E G D *Hom D , (C*, L>*) and u G c *Hom c *(C*, C* <g> D » C*) 
such that ([ZQ holds (with \i and as above). Then by Lemma 1331 as C* ®d* C* ~ (COuC)* 
as C*-bimodules and (CD.dC)* and C* are finite dimensional, there is a morphism of C- 
bicomodules [3 : CdjjC — > C such that (3* = u. Also, by Proposition 13.71 E = a* with 
a : D — ► C a morphism of D-bicomodules. Then by (f2Tj) . c* = (A* o (A* a* <g> l^*) o/3*)(c*) = 
(A*o(aA(g)lc)*)(c*o/?) = c*o/?o(aA(g)lc)oAforallc* G C* and therefore (3o{a\®l c )° A = l c 

and similarly /3 o (l c ® aA) o A = l c . Thus ([22]) holds and C — > D is a Frobenius extension 
of coalgebras. 

Finally if (i) and (ii) hold, by Proposition [321 C is injective in Ai D (and also in D M), so there 
is a monomorphism of right (left) C for a set /. But as C is finite dimensional, we may 

obviously assume that the set I is finite. Thus we get C -D n as right (or left) D-comodules 

for some n G N, and in fact C is a direct summand of D n as it is injective. Also as D* -— > C* 
is a Frobenius extension of rings we get that C* is finitely generated and projective as right 
(and also as left) D*-module (or as C splits off in some D n ). □ 

Proposition 3.9. Assume C — —* D is an extension of coalgebras with D finite dimensional. 
Then the following are equivalent: 

(i) C — -> D is a Frobenius extension of coalgebras. 
D* C* is a Frobenius extension of algebras. 

In this case C is finite dimensional and injective finitely cogenerated as right (and also as left) 
D-comodule and C* is finitely generated as left (and also as right) D* -module. 

Proof. (i)=>(ii) By Theorem 13.31 we get that C is finite dimensional as D is. Then A4 C 
coincides with c*M and A4 D with d*M, as any C* (D*)-module is in this case a C (D)- 
comodule. Note that in this case the corestriction functor U : Mr — > M. D induced by A 
identifies with the forgetful functor H : c**A4 — > d*A4. Indeed if (M,pm) G MP , then 
M G M. D by the coaction m i— > ttiq <£> A(mi) where tuq <g> mi = pM{ m ). Then M becomes 
a left Z>*-module by d* ■ m = m d* (A(ml)) for m G M and d* G D* . But then d* ■ m = 
mo A* {d*){m\) = X*(d*) ■ m which shows that the D*-module structure of M coincides with 

the one obtained through the forgetful functor H. Therefore, if C — D is a Frobenius 
extension, U is a Frobenius functor and therefore H is Frobenius, proving (ii). 

(ii)=>(i) If D* C* is Frobenius then C* must be finitely generated (and projective) as 
right (and also as left) D*-module and as D* is finite dimensional, we get that C is finite 
dimensional too. Then as in (i)=>-(ii) we obtain that the induced functor U is Frobenius and 

therefore C — D is a Frobenius extension. 

The last statement follows easily as in the proof of Proposition 13.81 □ 
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Remark 3.10. It can be seen that in a wide range of situations whenever a functor is Frobenius, 
a certain finiteness theorem holds. Then it is natural to ask whether a general theorem can be 
proved; that is, given a Frobenius pair (F, G) between two abelian categories (or Grothendieck, 
or with other additional properties) is there a finiteness property that holds for this general 
context and which generalizes all these theorems regarding Frobenius extensions of (co)rings? 
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